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1. INTRODUCTION

Let R denote the real line and let the closed and bounded interval I, =[-r,0]and let

| =[0,T]in R , for some real number r >0 ,T > 0. Let C denote the space of continuous real
valued functions defined on I, .The space Cequipped with the supremum norm ||. |,

defined by

[£].=suplé ()
(1.1)

It is clear that C is a Banach space with this norm called the history space of the problem

under consideration.For each t € I =[0,T] ,define a function t - x, € C by
x(0)=x(t+0), 0Oel, (1.2

Where the argument @ represents the delay in the argument of solutions .Let (Q,A) be a

measurable space .By a mapping x:Q— C(J,R),we denote the function x(t,)which is
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continuous in the variable t for each weQ . In this case case we also wright
X(t,0) = x(o)(t) .

Given a measurable function ¢,,¢ :Q— Cand x:Q— C(I,R), consider an initial

value problem of second order functional random differential equation of delay type
X'(tw)=f (t,xI (a)),a))
X () = ¢ () , X (@)=d ()
(1.3)
forall tel and weQ ,where f:IxCxQ—>R .

By a random solution xof the random differential equation (1.3) we mean a measurable

function x:Q —C(J,R) that satisfies the equation in (1.3) on J ,whereC(J,R) is the

space of continuous real valued functions defined on J =1,U1.

Here, the existence and uniqueness theorem for FRDE (1.3) are obtained by using random
version of classical fixed point theorems of Schauder and Banach respectively .However the
of the present paper lies in the nice applicability of our theorem (2.1) for proving the

existence of random solution with PPF dependence for the FRDE (1.3) defined on J .
2).AUXILIARY RESULTS
Given a closed and bounded intervals | :[a,b] in R the set of real numbers ,for some

a,beR, a<b (let E,=C(I,E)denote the Banach space of continuous E valued functions

defined on I equipped with the supremum norm|| . | _ defined by

[

e, = sup[x(t)],
(2.1)

For a fixed c € | ,a Razumkhin or minimal class of functions in E,; is defined as
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loll, =lo el

D(::{¢€Eo

The class [ . is algebraically closed with respect to the difference i.e. if g—&ell
whenever ¢ ,&ell .. Similarly U . is topologically closed if it is closed with respect to the

topology on E, generated by the norm | . |_ . Let Q:QxE, — E be a random operator. A

Eo
measurable function £*:Q — E, is called PPF dependent random fixed point theorem of

the random operator Q(w) if

Q(a), 5*(60)) =£7(c0)

for some c el . Any mathematical statement that guarantees the existence of PPF dependent
random fixed point of the random operator Q(w) is a random fixed point theorem with PPF

dependent or a PPF dependent random fixed point theorem.

The following theorem is used in the study of nonlinear discontinuous random differential

equations.

Theorem 2.1(Caratheodory)LetQ:QxE, —E, be a mapping such that Q(w,x) is
measurable in o for each xe Eand Q(w,x) is continuous in x for each weQ .Then the
map (@,x) —> Q(a,x) is jointly measurable.

3. PPF DEPENDENT RANDOM FIXED POINT THEORY

We need the following definitions.

Definition 3.1:A random operator Q : Qx E; — E is called contraction if for each @ e Q
[Q(@.6)=Q(@m)], < A(w)le ~l,

3.1)

For all &,n7€E,,where 1:Q — R" is a measurable function satisfying Oﬁﬂ(a))<1 for all

wel) .
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Definition 3.2:A random operator Q:Qx E; — E is called strong random contraction if for

agiven cel and for each Q) ,
[o(@.¢)-Q(@n)], < A(@)|¢(c.@)=n(c.0),
(3.2)
For all &,;7eE,whered:Q —R" is measurable function satisfying 0<A(w)<1 for all
weQ) .

Our first random fixed point theorem with PPF dependence is the following result.
Theorem 3.1. Let (Q, A) be a measurable space and let E be a separable Banach space . If

the random operator Q:QxE, — E is a random contraction, then the following statements

holds in E .

(@) If I . is algebraically closed with respect to the difference, then for a givené, € E, and

for a given cel , every sequence {én (a))} of measurable functions satisfying

Q(@.6,(@))=4u(c.)
(3.3)

and

&(0)=&a(@), =14 (c.0) =& (c0),

(3.4)

Converges to a PPF dependent random fixed point of the random operator Q(co) ,i.e. there is

a measurable function &":Q — E, such that for each € Q ,
Q@& (@))=Q(@)¢ (0) =& (c.)

(b).Given &,7,€E, let{& (w)}and {n,(@)} be the sequences of iterates of measurable

functions corresponding to & and 7, constructed as in (a). Then,
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n(w)—ﬂn( )HEO 1_ /1 [Hgo 661 H £, +H§0_‘fl(a))HEo:|+”6€o_770"E0

If in particular, & =7, and {& (@)} = {n,(®)} .then

(@) =m (@) =< ﬁz(a))”?o & (@),

(c).Finally if O  is topologically closed, then for a given & € E,, every sequence {&, (o)}
of iterates of Q(co) constructed as in (a), converges to a unique PPF dependent random

random fixed point£™(w)of Q(w) i.e. there is a unique measurable function & :Q — E,

such that
Q(a)g(w)) =& (c,o)forall weQ.
Theorem3.2 :[ Hybrid fixed point theorem with PPF dependence ]

Let (Q, A) be a measurable space and let E be a separable banach space. Suppose that
A:QxE, > E and B:QxE — E are two continuous random operators satisfying for each

wel)

a) A(w)is a strong random contraction, and

b) B is compact on QxE .

If [ . isalgebraically and topologically closed with respect to the difference, then for a

given c e | , the random operator equation
A(a)f(a))) + B(a),é(a),c)) =&(o,c)
(3.5)

has a random solution with PPF dependence i.e. for given cel, there is a measurable

function &£*: QQ — E; such that
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A(a), & (a))) + B(a), & (c, a))) =& (c,o)forall weQ.

4. MAIN RESULT

We consider the following hypotheses.

(H,) The function @ — f (t,x,®) is measurable for each t | and x e Cand
the function (t,x) — f (t,x,) is jointly continuous for each weQ .

(H,) There exist a real number M, >0 such that for each weQ ,

[f(tx,@)|<M, foralltel and xeC

(H;) There exist a real number L >0 such that for each weQ,

[f(tx,@)-f(ty,0)<L|x-y|. foralltel and x,yeC

(H,) The function ¢,,¢,: Q@ — C are measurable and bounded with

Q, = 5Up¢o(w) Q= Sup¢1(0))

weQ) [2159)

Theorem 4.1 . Assume that the hypothesis (H,) through (H,) holds. Furthermore , if

LT <1, then the FRDE (1.3) has a unique PPF dependent random solution defined on J .
Proof.Set E = C(J , R) . Then E is a Banach space with respect to the usual supremum norm
[ Il = sup|x(t)
ted
(4.1)

Clearly E is a separable Banach space. Given a function XEC(J,R), define a mapping

%:1 —>C by %(t)=x eC sothat %(t)(0)=x(0)=x(t), tel and X(0)=x,.

Define a set E of functions by

6 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/
http://www.ijesm.co.in/

International Journal of Engineering, Science and Mathematics
Vol. 10 Issue 1,January 2021,
ISSN: 2320-0294 Impact Factor: 6.765

Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed & Listed
at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A

E={>‘<:(x[)tel :x, €C,xeC(I,R) and x0=¢}
(4.2)

Define anorm || X ||. in E by

I, -suplx .
4.3)
Clearly, ReC(l,,R)=C. Next we show thatE is a Banach space. Consider a Cauchy
sequence {% }in E. For simplicity of notations ,we denote %, (t)=x. Then {(x{‘ )tel}is a
Cauchy sequence in C for each t 1. This further implies that {x"(s)} is a Cauchy sequence

in R for each se[-r,0]. Then {x{"(s)} converges to x,(s) for each tel,. Since sequence

n

{xt} is a sequence of uniformly continuous functions for each tel, xt(s) is also
continuous in s [-r,0]. Hence the sequence {R,} converges to e E. As a result, E is
complete. Moreover, E is a separable Banachspace.

Now the FRDE (1.3) is equivalent to the nonlinear functional random integral

equation

(in short FRIE)
¢0(a))+¢1(a))t+j;(t—s)f(s,xs(co),co)ds iftel

d (t,0) iftel,
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bo(@)+ ¢ (@)t+ [ (t=5)f (s, () 0)ds iftel

¢o(tva)) iftel,

(4.5)

Then FRDE (4.4)is equivalent to the random operator equation
Q(@ %())=%(0,0) =%()(0)(4.6)

Define a sequence {X, (@)} of measurable functions by

(4.7)

For n=12.3,......

We shall show that the operator Q sarisfies condition (a) of theorem (3.1)on QxE .
Firstly, we show that Q is a random operator on Qx E . Since the hypothesis (Hl) holds, by

Caratheodory theorem, the function @ — f (t,x,®) is measurable for all teland xeC. As

the integral is the limit of finite sum of measurable functions, so the map
t
0 — jo(t =s) f (s, % (@),)ds
Is measurable. Again the sum of two measurable function is again measurable, so the map
0 (@) + g (0)t+ [ (t=3) f (s,x, (o), 0)ds

Is measurable. Hence, the operator Q(w, ) is measurable in @ for eachk € E. As a results

Q() is a random operator on E into E.
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Secondly, we show that random operator Q(@) is continuous on E. Let weQ be

fixed. We show that the continuity of the random operator Q(co) in following two cases

Case | : Let te[0,T] and let {X, ()} be a sequence of points in E such that &, (@) — X(w)

as n — oo .Then by dominated convergence theorem,

lim Q(a,%, (t,0)) = m(¢o(w)+¢l(w)t #[i(t=9) (5.0 (@), 0)ds)

n—w

n—ow

= (@) + (@)t + nm(j;(t-s) f (s,xg(a)),w)ds)
:¢0(w)+¢l(w)t+(j;(t-s)m f (s,xg(w),w)ds)

=gy (@)+d(@)t+ [ (t=3) T (s,x,(@),@)ds
- Qwx(10)
For all t €[0,T] and for each fixed weQ.

Case |1 : suppose that t [-r,0]. Then we have,

|Q(@.%,())-Q(@, () =|# (t.0) - s (t. )| =0
For each fixed w e Q. Hence,

imQ(w,%, (t,0)) =Q(a.X(t,0))

n—oo

For all te[-r,0]and @< Q. Now combining the case I and 11, we conclude that Q(w)is a

pointwise continuous random operator on E into itself.

Now we show that the family of functions {Q(co X, (a)))} is uniformly continuous set

in E for afixed @ Q. We consider the following the following three cases :
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Case 1: lete >0 and lett,,t,[0,T] be arbitrary. Then we have
Qe (@) - QX ()

<

bo(0)+ (@)t + [ (t,—5) T (5.X (),0) (@) - (@)t~ [ (t,—5) f (s,x:(a)),a))‘

<|g (o)l -] +U;1(tl 8 (s.X (@).0) [ (t,~5) T (S,X:(a)),a))‘

[ (t +t,-25)f (S,Xg(a)),a))‘

1
2

<|d (@)t -t/ +

(t,+t,— 23)” f (s, X! (a))a))‘ds

S|¢1(w)||t1_t2|+f:
5Q1|t1_t2|+ MfK|t1_t2|

<(Q+ MKt —t,|

& . . .
Choose 8, = 2(Q M K+ >0. Then, if |t, —t,| < 5, implies
‘Q(a) X[”(a)))—Q(a) X[n(a)))‘< (Q1+MfK)6‘
T e 2(Q+M,K+1)

Uniformly for x' =X, € E,.

Case Il : Let t,,t,e[—r,0] be arbitrary. Since t — ¢, (,t), is continuous on a compact
[—r,O] , it is uniformly continuous there. Hence, for above & >0 there exist a 6 >0 such

that [t, —t,| <&, implies

n n &
Q0 () -0(e % ()] i 1:0) -0 0 5o
Uniformly for X € E, .
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Case lll : Let t, e[-r,0] and t, [0, T] be arbitrary. Choose & =min(4,,6,).
Then, |t, —t,| <& implies
Q% (@)~ Q[ (@) <[Q(: X, (@) ~Q(@, (@) +[Q( %, (@) - Q[ ()

(Q+M,K)e c
+
2(Q+MK+1) 2(Q+MK+1)

<é&

Uniformly for X, € E,.

Thus in all three cases, |t, —t,| <& implies

QX (@))-Q(@.X ())<=

Uniformly for all t,t,eJand X eE,. This shows that {Q(a)f(n)} is a sequence of
uniformly continuous functions on J . Hence, it converges uniformly on J . Hence, Q(a)f()

is a continuous random operator on E for a fixed we Q.
Finally we show that Q is a random contraction onE . Let @ e Q be fixed. Then,

[o(@.%(@)) - Q(@.9())], =[Q(@.x () -Q(e.y.(w))],

t

SSupIt— (s.%( j. f(s.y.(@).0)
0

tel 0

<[ L%, () - ¥, ()] ds

T A A
SJ-OLXa)—

“))”E ds
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%(@)=9();

<LT

(4.8)
For all %(@), 9 (@) < E. Hence Q is s random contraction on E with contraction constant

a=LT <1.

Thus the condition (a)of theorem (3.1) is satisfied. Hence, an application of theorem 3.1(a)
yields that the functional random integral equation (4.6) has a random solution with PPF
dependence defined on J. This further implies that the FRDE (1.3) has a PPF dependence

random solution &* defined on Jand the sequence {én(co)} of measurable functions
constructed as in (4.7) converges to &°. Moreover, here the Razumikhin class [ ,,
Oe[-r,T] is C([0,T],R) which is algebraically and topologically closed with respect to

difference, then by theorem 3.1(c), £* is a unique random solution with PPF dependence for

the FRDE (1.3)defined on J . This completes the proof.
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